Abstract. 2014 It is shown how the algebraic formulation of rotational dynamics, given in part I, may be used in molecular spectroscopy. Special emphasis is placed on scalar operators in G, where G is isomorphic to the molecular point group, and which are associated with pure rotational effective Hamiltonians. A coordinate representation of the dynamical algebra is given which allows us to compare our approach with previous studies.
Dynamical chains for molecular tops. II Abstract. 2014 It is shown how the algebraic formulation of rotational dynamics, given in part I, may be used in molecular spectroscopy. Special emphasis is placed on scalar operators in G, where G is isomorphic to the molecular point group, and which are associated with pure rotational effective Hamiltonians. A coordinate representation of the dynamical algebra is given which allows us to compare our approach with previous studies.
J. Phys. France 50 (1989) In a previous paper [1] (hereafter referred to as I) we proposed an algebraic treatment of molecular rotational dynamics from the SU(4) compact dynamic algebra. This algebra and the appropriate irreducible representation (IR) FD were found from the known SO(4) degeneracy algebra and standard branching rules. Next we built all the operators having non-zero matrix elements within rD, which may thus describe any rotational operator involved in a molecular Hamiltonian. These operators, which are all realized in terms of boson operators are denoted :
where (non) and (j1' j2) are the SU(4) and SO(4) labels respectively ; r is a multiplicity index. Q is also the degree with regard to the SU(4) generators.
We will show here how these results obtained through purely algebraic methods can be used in molecular spectroscopy. At first, if the model is adequate, the usual zero-order spectrum must be reproduced when only the first invariants of each element in the dynamical Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphys:0198900500106300 chain are retained [2, 3] . This is shown to be the case for each type of molecular tops. Also the special case of scalar operators in G, where G is isomorphic to the molecular point group, and which are associated with pure rotational effective Hamiltonians is considered. But as we use a compact dynamical algebra, and thus represent systems will a finite number of bound states, we cannot entirely reproduce the ideal rigid tops : these are known to have a representation space of infinite dimension and their energy increases indefinitely with increasing excitation. A coordinate representation of the SU(4) algebra will serve to illustrate the difference between the ideal system and the molecular model we built and to correlate our approach with previous studies.
More generally, it is obvious that the ideal systems (harmonic oscillators, rigid tops) introduced as zero order approximation, which give an infinite number of states whose energy tends to infinity are no longer valid beyond the dissociation limit. The problem is to find a model which allows us to go in a reasonable way, as close as possible to the dissociation limit.
For instance, for the vibrational problem, the local mode theory [4] replaces the harmonic oscillators by Morse oscillators, for which a rigorous treatment through a compact dynamical algebra [3, 5, 6 ] is possible. In this respect we believe our approach to be more « physical » and that the introduction of a model whose highest energy is finite is more appropriate for studies of molecules near the dissociation limit.
Throughout equations of (I) will be denoted (I, x). [2] . Within this approximation the dynamical algebra is that used so far :
The SU (4) since the spectrum is finite. In fact, an ideal top has an infinite set of levels and one may look for a non-compact algebra [8] , which contains SO(4) as a subalgebra, to account for this infinite set of levels. Another way is to let N go to very large values ; we then find that within this limit :
where the double tensors D [9, 10] are proportional to the direction cosines which relate MFF to SFF, and may also be seen as « ladder » operators for the top. It is also verified that the operators (1/N) M(101)(1, 1) (N large) and »(1,1) satisfy the same commutation relations with angular momentum operators (Eq. (1.25d-e)) ; within this same limit, we find that (Eq. (I.25f)) :
as is usual for direction cosines. Moreover, it appears that a consistent scheme is obtained if one chooses all phase factors ei8N,J, introduced in I, equal to unity.
2.2 INTRODUCTION OF PARITY. -As is usual the dynamical algebra considered so far does not include the discrete operation of parity P associated with space inversion [2] . Within our interpretation the space fixed frame and molecular frame are not independent ; the Euler angles are defined for two frames with identical orientation. So we have in fact only one such operation to consider and when this is done the algebra usually splits into two parts corresponding to the positive and negative eigenvalues of this order two operation ; we have the so-called extension by parity of the dynamical algebra [2, 11, 12] .
For our problem, the angular momentum operators L and f verify :
i.e., they are even with regard to P. But with the ladder generators M(101)(1,1) are now associated two inequivalent tensors, which we denote temporarily by M+ and M_ , which are respectively even and odd with regard to P. Likewise two inequivalent sets are associated with the kets 1 tP &#x3E; previously defined :
From the point of view of groups, the introduction of parity lead us, using the local isomorphism of SU (2) x SU(2) with SO(3) x SO(3), to the Hamiltonian (geometrical) invariance group 0(3) x 0(3). Likewise using the isomorphism SU(4) = SO(6), we get the group 0(6) ; the IR of 0(6) appropriate to the description of the top levels is then the selfassociate [13, 14] where p is a cubic index p = (n, C, cr ).
Likewise any symmetry adapted tensor is given by :
and its matrix elements computed with the equations gathered in the appendix of (I).
Rotational operators used so far in rovibrational Hamiltonian [19, 20] are built with the coupling scheme introduced by Moret-Bailly [19] :
The connection with our formalism can be seen with the following relations ( § 3.5, Eq. (1.46)) :
That is R2(0, 0) is proportional to the MO (3 ) Casimir operator and RK(O, K) is the « streched » tensor product of the MO (3 ) fundamental tensor f (0, 1) :
The operators (19) are thus all functionally independent rotational tensors in the enveloping algebra of MO (3) [2] , which are LO (3) scalars.
Our method, besides that it clearly establishes the connection between the physical approach used so far [19, 20] The eigenvalues within the symmetry adapted bases of (I) are : which can readily be identified with the usual rotational energies [7] :
In actual molecules from the point of view of groups, we have the chain :
where G is isomorphic to the molecular point group. The missing label problem for the reduction MO (3) t G could be solved, as for spherical tops, by the diagonalization of an appropriate subgroup scalar. The integrity basis for subgroups scalars for any subgroup G is given in [18] ; for instance for G = C3, we have with our notation : from which a generating function for subgroup scalars may be written down [2] . When the transformation to a basis symmetry adapted to G is known, i.e. when the appropriate subgroup scalar has been diagonalized, symmetry adapted coupling symbols can be computed and the matrix elements of any tensor (Eq. (14)) in the enveloping algebra are obtained with the equations given in the appendix of (1). [7] which are symmetry adapted to D2 are introduced ; in our notation, these are given by :
and the subgroup scalar which is diagonalized is the Hamiltonian operator Holo (Eqs. (36, 33) ) although another operator has been proposed [18] .
Also the present approach could be generalized to introduce non polynomial expansion of Hamiltonian operators. given set of observations. In order to correlate our approach with conventional treatments of rotational dynamics, we give a coordinate representation of the SU(4) algebra. This will also serve to illustrate the difference between the ideal rigid top usually considered and the molecular model we build. 4 .1 COORDINATE REPRESENTATION OF THE SU(4) ALGEBRA. -The appropriate realization of the SU(4) algebra is easily obtained if one starts from the parametrization of the four dimensional sphere in terms of Euler's angles given by Judd [9] :
The boson operators ai' , ai are thus realized as differential operators in a four dimensional harmonic oscillator space [26, 27] . That These equations show first that, as expected, the well-known expressions [9, 28] The radial functions FN,J(r) are then the solutions of (Eqs. (40), (43) (4) generators (Eqs. (I.23a-f)) can be expressed in terms of the usual rotational operators referred to SFF or MFF. To find the physical meaning of the other operators we built, one must remember that the algebraic model introduced is that of a system with a finite (but arbitrary) number of bound states ; for a given N, the maximum J value is N/2. The equivalence of these operators with known quantities will thus be obtained in the limit N large corresponding to the ideal top. To check this, the easiest way is through the computation of matrix elements. We shall only consider two examples, the first being the important case of the ladder generators (Eqs. (I.23g-k)). Equation (I.A.10) with f2 = 1, a = c = 1 (or Eq. (I.44)) gives :
So that in the limit N large we find [9, 22] :
where the double tensors D(l, 1) are, with our phase conventions, defined by [10] :
The correlation with other double-tensors DU,j) could be extended as well. The other example we shall consider is that of the J raising and lowering operators introduced by Shaffer et al. [30] : [30] ) ; in the limit N large :
so that :
In fact we may note that equation (54c) holds strictly for any N value since it involves only SO(4) generators (Eq. (43)) ; also the exact values for the matrix elements of R-(Eq.. (52)), computed with the expressions given in the appendix of (I), may be written :
with E+ = 1, e-= 0 and where the coefficients X, (Eq. (50)) are the matrix elements of n+ in the standard symmetric top basis (Eqs. (13a-b) of Ref. [30] ).
The correlation with previous group theoretical treatments [8, 12, 31, 
